
 
MATH 6021 Lecture 9 1 9 2020

A brief introduction to varifolds Ret L Simon's book on GMT
Allard Gos

currents VS varifolds

Currents

k currents dual to k forms µ d dual to fan on k Grassman

generalized oriented k submfd generalized un oriented k submfd

I
notion of boundary 2 notion of 1stvariation

stationary varifold
aptness result r aptness result
mass 1M is lowersemi Cts

mass is continuous

Recall The k Grassmannran in IR is

Gr K n f VkE R n k din't Cunoriented subspace

Eg Gr Ct n Rip compact

Foranyopen set UE IR denote
k Grassmann cn bundle

Gk U Ux GrCh n over U E B

Remarks Alsoworks in manifolds one way to define it using isometric

embedding M 2 IRN

Def A k varifold in UE IR is a Radar measure on GkCU
Grain
S Motivation Ik E U k submfd smooth

v f Gu xc E stx earcn.nl

f Cx 1 2 x c E
IT i

t l Advantage Can talk about 1st variationUH HER
Radonmea



Some related motions of varifolds

Vi V as varifolds if they converges as Radon measures i e

V YE Cc GYU J ycx.IT dvicx.IT J YCX.IT IV CK.IT
GYU GYU

7 Radon measure 11V II called the weight of V oh U sit

HUH IT V ie V f e CcCU

J f x dHUHCx J f x DUCKTi
U GYU

Supp HUH smallest closed set outside which

1WIt vanishes identically

mass of in U a Hull U

Fact 1 Mass of varifolds is cts w r t the varifold topology

Remark Given a smooth embedded k submfd I E U

we can associate to it a k Van fold I E l as follow

V Y E CcCGhcus

J 4CK.IT dl El x Ti 9Cx 1 2 dHkcx

GYU

Even allowing multiplicities
where ni E IN

hi Ii I 2i e a smooth embedded
k sub mfd

integral varifolds t has goodcompactness properties



1st variation of varifold

Let be a k van fold in U E R

4 U U be a diffeomorphism on U

We can define the pushforward vanifold 4 V which is a

k vanifold on U as follows ht 9 C Cc Ghar

JCf ly r d 4 V 9.0 Jacobian
l

f f 46cg 4 it JYCX.tl DV x T

Ghai
U

s U e
c I y l l

l s HVI I differ
I v l on U I r

r l r

Suppose X is a aptly supported vector field in U E IR

and it generates 144 1 parameter family of differ of U

s t Yo Idu and Tele He X

U Def SV X n da HHt VII U
t

s
P 9 A R I

I J Y J div Xcx dvcx.tl
p p r r

I
g g g ta ta Xr GKN IIcpeix.ci ex LeilaniI r f

1stvariation formula for vanifolds



Def is stationary in U if 84 1 0 t X

Exampyle any k submfd minimal
is stationary

stationary 1 van folds in B

IKoo
E e200

Facts about stationary varifolds c f L Simon

i Monotonicity Formula
V Brca g in r

r k

Hull Brca1 well defined
cii ex Vi rhyme or nk

Idea I V is smooth

Ciii Allard Regularity a I is a C k submfd

iv Rectifiability Thus stationary Ca V 0 for Hull are a

is rectifiable

Summary contains useful information about regularity

Continuous Min Max Theory on 3 manifolds

Ref LSimon FSmith Sos Cording Delellis 03

Setup M3 g closed Riem mfd

Diffo idmcomponent of Diff M



DEI Et cgo y is a generalized family of surfaces

if I finite subsets T E Co I P E M s1

t H Et Cts

z Ito in Hausdorff
toagob.SI

to pa p

It is smooth embedded ht E T Ee Eto p

V t C T It is smooth embedded in MIP Et

Fact Given Et as above and

4 co I x M M sit 4Ct C Diff htt CCo I

then If i 4ft Et is another generalized family

we say a collection A of generalised

family is saturated if it is closed
under such operation

p p
Def't n Given such a saturated

collection A of generalized family

of surfaces define
H 14 14

M

moat intake I
Terminology

minimizingseq SEF new of genercuredfamily if tff.cagHT mo
as n D

min max seq Ifn new of surfaces if H Zhen mo as n soo



min
seq CEilec.co CEIIcc.cois IEII cc.co
M M M

lt Q.X Xp
p r Ina V

mm'II z't EE
seq

Min Max Thm I min max seq III In of surfaces set

Ci Zhen V as varifolds

Cii is a stationary integral
Vanifold and

m IT I t n t mq1Tq I

where mi EIN Ti E M smooth embedded minesurface

Rough Ideas of the Proof

i Existence of stationary van folds works in any din co dim

problem Slices with area I Mo may not be close to a min surface

gg ggqiiiEIIiI.X
pt max bad Goal almost max slice

good Max slidslice almost minimal
Ion notdo

min tomin

Solution I min seq EIS EA ET EVERY min max seq Et

has subseq converging weakly to a stationary van told



Iii Regularity
The key variational argument is the almost minimising property

nearlysurfaceDef't Let E 20 small and U E M open E e a.m

A surface 2 E M is E a m in U

it isotopy 4 supported in U s1 i f
Ea.m f

l H'lift 2 E HYE 14g V ECco.IT stable
min 8

121 H 4G 27 E 71727 E

A seq f2 is a m in U if each E is En arm in U wth En b O

Prop 7 Min max seq I 2 which a.m in small annuli

MeeksSimonYau82 good SchoenSimonYan75
A.m y y smoothness

replacement ofproperly minimize
in isotopyclass property regularity of

stablemin
Surfaces

if
replacement Annulus Gr
has thesame manasV

Tx2
b

V inAnn is a smooth
minsurface

E T.ITIfiiiuI
g.tlElH 2

TUEiR3


